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Abstract

In this work a new equation which describes the time evolution of bimolecular reactions is derived and tested by experiment. The equation is

general and the results show that second-order reactions of any simple type may be accurately described by a quotient of exponential functions.

The model and reagent concentration dependent observed rate constants show a complex non-linear behaviour when experimental conditions

deviate from pseudo-first order nevertheless reducing to the well-known linear dependence when pseudo-first order conditions are met.

D 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The study of bimolecular reactions is usually carried out

under pseudo-first order (PFO) conditions by keeping the

initial concentration of one of the two reagents in large

excess (50–100 fold). This has the advantage of yielding a

simple exponential time course, with the observed rate

constant being directly related to the product of the initial

concentration of the reagent in excess to the forward

bimolecular rate constant. In the case of a simple reversible

or irreversible bimolecular reaction, a plot of the observed

rate constant versus the concentration of the reagent being

varied will result in a linear relationship if pseudo-first order

conditions are met. The slope of this plot yields the apparent

bimolecular rate constant for the reaction, under the chosen

experimental conditions.

Under non pseudo-first order conditions, i.e. when the

initial concentrations of the reagents are comparable, the

observed time course will deviate from a simple exponential
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relaxation and typically the data may be fit to the sum of two

or more exponential functions yielding an empirical

description of the system. Thus, although bimolecular

processes may be accounted for by a sum of exponential

functions, the mathematical relationship of the fitted rate

constants to the forward and reverse bimolecular rate

constants is not straightforward and de facto hardens the

physical description of the system under study. Here I show

that the time course of a bimolecular reaction is described by

a quotient of exponential relaxations and that considerable

knowledge may be gained by studying bimolecular reac-

tions under non-pseudo-first order conditions.
2. Materials and methods

Horse heart myoglobin, sodium ascorbate and potassium

hexacyanoferrate III were purchased from Sigma-Aldrich.

In CO combination experiments, 2 or 200 AM, 1 mM

dithionite-reduced myoglobin, in 0.1 M potassium phos-

phate pH 7.1, was mixed in the thermostated stopped-flow

appartatus (Applied Photophysics) against a solution of CO

of varying concentrations from 0.012 to 1 mM. 1-mM CO

stock solutions were prepared in a tonometer at 20 -C
by repeatedly degassing the buffer solution and applying a
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1-atm pressure from a CO tank to the tonometer. 1 mM

sodium dithionite was thereafter added to the stock solution.

Solutions of desired CO concentrations were prepared by

anaerobic dilution of the stock CO solution to the desired

concentration with buffer containing 1 mM sodium dithion-

ite. Transients were recorded at 579.4 nm T=19.3 -C.
The electron transfer reaction between sodium ascorbate

and hexacyanoferrate III was followed at 420 nm at 20 -C in

5 mM potassium phosphate buffer pH 7.0.

The CuA and cytochrome c552 soluble domains from

Paracoccus denitrificans were prepared as described

previously [1,2] and were a kind gift of B. Ludwig and O.

Maneg of J.W. Goethe-Universität, Frankfurt. The proteins

were dissolved in N2-flushed 20 mM Bis–Tris pH 7,

containing 50 mM potassium chloride: In the forward (or

reverse) electron transfer reaction 0.5 mM ascorbate was

added to the cytochrome c552 (or CuA) stopped-flow syringe

to achieve complete reduction. Transients were recorded at 8

-C and at 551 nm as described previously [2]. All

calculations and graphical procedures were performed using

the Matlab or Micromath softwares. Initial values of the

relevant parameters were first determined by using a

simplex algorithm and thereafter used as entries for the

Levenberg–Marquardt fitting algorithm.
3. Results and discussion

Theory. The most general elementary bimolecular

reaction mechanisms are shown in Scheme 1.

Within the framework of the transition-state theory [3,4],

the reagents approach by diffusion, form a precursor complex
Table 1

Model dependent expressions of the primary constants and observed rate constan

Mechanism a b

A+B=C+D k1�k2 k1(A0+B0)+k2(C0+D0)

A+BYC+D k1 k1(A0+B0)

A+B=C k1 k1(A0+B0)+k2

The units of the primary constants are a: M�1 s�1, b: s�1, c: M s�1 and g: s�1.
a c is the initial velocity and is determined from the initial slope of Eq. (1)

v0=DAEQg/(1+x) (Eq. (A6) in the Supplementary Material), respectively, all term
b g represents the observed rate constant or Eq. (2). With the exception of the irre

initially only the reagents are present, which is usually the most simple experime
c The vertical bars indicate the absolute value.
stabilized by electrostatic and/or hydrophobic interactions,

are pushed into the activated complex if sufficient collisional

energy is available and eventually convert to products. The

following analysis applies to all experimental situations

whereby no precursor complex is stabilized along the

reaction coordinate or may be isolated in vitro, otherwise

stated whenever the collisional complex coincides with the

transition state in which transfer of matter (electrons or

atoms) within the partners is extremely facile. The solution of

the rate equation which describes these mechanisms (detailed

in the Supplementary Material for the mechanism in Scheme

1a, yet readily applicable to other mechanisms shown in

Scheme 1) is the following expression:

x ¼ xEQ
1� e�gt

1þ xe�gt
ð1Þ

Here, x represents the amount of reagents converted to

products, xEQ the equilibrium concentration change at

infinite time, g the observed rate constant, and x a parameter

(with values in the�1<x <1 range) describing the deviation

of the experimental setup from pseudo-first order conditions

under the chosen experimental conditions. All parameters in

Eq. (1) are functions of the forward and reverse (where

applicable) bimolecular rate constants (k1 and k2) and of the

initial reagent and product concentrations (A0, B0, C0 and

D0):

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

q
ð2Þ

xEQ ¼ 2c
g þ b

ð3Þ

x ¼ g � b
g þ b

ð4Þ

The model dependent constants a, b and c, here referred
to as primary constants, are defined in the Supplementary

Material (Eq. (A4) for Scheme 1a) and detailed in Table 1,

for the remaining mechanisms shown in Scheme 1.

Bimolecular reactions are, therefore analytically described

by a quotient of exponential functions with the same

exponential argument and which are related to an hyperbolic
t in Eqs. (1)– (5)

ca gb

k1A0B0�k2C0D0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 A0 � B0ð Þ2 þ 4k1k2A0B0

q
k1A0B0 k1|A0�B0|

c

k1A0B0�k2C0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 A0 � B0ð Þ2 þ k22 þ 2k1k2 A0 þ B0ð Þ

q

or (5). The corresponding analytical expressions are v0=xEQg/(1+x) and

s being determined from the fits to the experimental data.

versible mechanism, the reported expressions refer to the condition whereby

ntal situation.



Fig. 1. (A) Time course of ferricyanide reduction by ascorbate as followed

at 420 nm. A solution of 2.2 mM ferricyanide in 5 mM phosphate buffer pH

7.0 (T=293 K) was mixed in the stopped-flow apparatus with a solution

containing 1.2 mM ascorbate dissolved in the same buffer. Of the 400

experimental data points 80 are displayed for clarity (open circles). The

solid line shows the best fit to Eq. (5) (readily derived from Eq. (1), see text

and Supporting Information) with the following parameter values:

DAEQ=�0.9966T0.0006, g =0.0052T0.0002 s�1 and x =�0.958T0.001.

The corresponding fits to a simple ( y =a1exp(�kt) +a2) or double

( y =a1exp(�kFASTt)+a2exp(�kSLOWt)+a3) exponential process yield the

following results: a1=0.784T0.005, k =0.070T0.001 s�1, a2=�0.914T

0.001 and a1=0.499T0.003, kFAST=0.182T0.001 s�1, a2=0.434T0.003,

kSLOW=0.0358T0.0003 s�1, a3=�0.9481T0.0005, respectively. The solid
line also shows the results obtained by numerical integration of the

mechanism. (B) Plot of the residuals. The traces represent the differences

between the experimental data and Eq. (5) (bottom), or the biexponential

(middle) or monoexponential model (top). The bi- and monoexponential

residuals are offset by 0.02 and 0.08 absorbance units for clarity.
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tangent function (see Supplementary Material). When PFO

conditions are met (i.e. when the initial concentrations of

reagents are such that B0HA0), Eq. (1) reduces to the

following expression:

x ¼ A0 1� e�k1B0t
� �

Thus, under true pseudo-first order conditions the time

course may be described by a simple exponential decay

process with an apparent observed rate approaching k1B0.

Eq. (1) breaks down to known equations as is in the case

of irreversible bimolecular kinetics (Scheme 1b). Under

these conditions the reverse reaction does not take place (i.e.

k2=0) and Eq. (1) becomes (the vertical bars indicating the

absolute value):

x ¼
A0B0 1� e�k1jA0�B0jt

� �
A0 � B0e�k1jA0�B0jt

which may be rearranged to the classically known equation

used to graphically estimate bimolecular rate constants for

irreversible reactions under PFO conditions (with B0>A0,

see Atkins [4]):

1

A0 � B0

ln
B0 A0 � xð Þ
A0 B0 � xð Þ

��
¼ k1t

Eq. (1) also accounts for the case of binding kinetics

(Scheme 1c). In this mechanism a compound binds

reversibly to another to form a complex. In biochemistry

this is specially the case of dioxygen-binding proteins such

as myoglobins, hemoglobins (see the so-called Bible [5])

and in every enzyme encounter with substrate. In this case

Eqs. (1)–(4) still hold, but the values of the a, b, and c
primary constants change as shown in Table 1.

Experimental tests of Eqs. (1) and (2). In order to test

these equations I have carried out three stopped-flow

experiments under non-PFO conditions, i.e. whereby the

initial concentration of reagents is comparable in magnitude:

(1) the ET reaction between ascorbate and hexacyanoferrate-

III, an irreversible bimolecular reaction; (2) the ET reaction

between the cytochrome c oxidase CuA and cytochrome

c552 soluble domains from P. denitrificans, an example of a

reversible reaction involving two substrates and two

products with no experimentally demonstrated complex

formed along the reaction coordinate and (3) carbon

monoxide binding reaction to horse heart ferromyoglobin.

Fig. 1A shows the time course of reduction of

hexacyanoferrate-III (ferricyanide) by ascorbate at pH 7 as

determined by stopped-flow spectroscopy. In this reaction

ascorbate passes an electron to ferricyanide (the redox

potential difference is about 300 mV at pH 7, [6]), as

followed by the decrease in absorbance at 420 nm and

irreversibly generating the ascorbate radical and ferrocya-

nide. The time course was fitted to a simple exponential

decay, a sum of 2 or more exponential processes and to a
modified form of Eq. (1) which takes into account the

Lambert–Beer law (see Supplementary Material) since

absorbance changes (DAk) are usually measured in stop-

ped-flow experiments:

DAk ¼ DAEQ

1� e�gt

1þ xe�gt
ð5Þ

Fig. 1B depicts a plot of the residuals, i.e. the difference

between the experimental data and the specific fitting

model. Clearly the simple exponential model is inadequate

to account for the data, whereas the biexponential fit

approximates much better the data although a non-random

trend in the residuals is still present.

Fitting to sums of 3 or more exponential functions

increased the quality of the fit considerably (not shown), but

also yielded too many parameters (apparent rate constants



Fig. 2. Plot of the observed rate constants in the ascorbate– ferricyanide ET

reaction. In this experiment the ascorbate concentration was systematically

varied from 0.05 to 2.2 mM (after mixing) and the rate constant of reduction

of ferricyanide determined by fitting the time courses to Eq. (5) (circles).

The solid line is the best fit to Eq. (2) which is detailed in Table 1 and in the

text. The triangles show the corresponding dependence of the initial

velocities which are functions of the parameters in Eq. (5). Initial velocities

are calculated by evaluation of the derivative of Eq. (5) with respect to time

and extrapolation to time=0, i.e. the initial slopes of the time courses. The

corresponding expression is given in the Supplementary Material, Eq. (A6).

The solid lines also show the results obtained by numerical integration of

the mechanism. Other conditions as in Fig. 1.

Table 2

Model dependent values of the x parameter (Eq. (4))

Mechanism x

A+B=C+D k1>k2 k1=k2 k1<k2
�1<x <0 0 0<x <1

A+BYC+D �1<x <0

A+B=C �1<x <0
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and amplitudes) with lack of significance in the physical

interpretation of the data. This is due to the fact that the

experiment was carried out under non-PFO conditions with

comparable ascorbate and ferricyanide concentrations (see

legends to Fig. 1). Eq. (5) which is readily derived from Eq.

(1), on the other hand, yielded very good fits, as shown in

Fig. 1, since it was derived in a most general way with no

bias on the relative concentrations of the reagents. When the

ascorbate initial concentration was systematically varied

while keeping ferricyanide concentration constant, similar

time courses to that shown in Fig. 1A were obtained. The

data were fitted to Eq. (5) and the observed rate constants

(g, i.e. Eq. (2)) are plotted against the initial ascorbate

concentration in Fig. 2A.

The most striking result of this experiment is that as

ascorbate concentration is changed, the observed rate

constant linearly decreases (from 0.11 to 0.016 s�1, as

ascorbate concentration is increased from 0.05 to 0.49 mM,

see Fig. 2A, open circles) and after reaching a minimum

very close to zero steadily increases linearly. The slopes of
the descending and ascending parts of the graph may be

shown to represent the apparent second-order rate constant

and (the absolute values) are identical within the exper-

imental error (213T6 and 214T2 M�1 s�1, respectively).

Fig. 2A also shows that initial velocities, as determined

from the initial slopes of the time courses (see Supplemen-

tary Material, Eq. (A6)), nevertheless increase in the entire

concentration range (open triangles) as expected since in

any bimolecular reaction the initial rates are linear functions

of the reagent and product concentrations.

The decrease in the observed rate constant is predicted by

Eq. (2). By substituting the appropriate values of the

primary constants in the expression of g (see Table 1), it

follows that the observed rate constant is proportional to the

difference in the initial concentrations of the reagents. This

behaviour is due to setting the experimental conditions to

mostly non-PFO. As discussed above, the time-dependent

changes may deviate substantially from a simple exponen-

tial decay process. This is critically determined by the

relative concentrations of the reagents and specifically by

the value of the x parameter in Eqs. (1) and (5) which is

defined in Eq. (4). Fig. 2B shows for this very experiment

the dependence of x on the initial ascorbate concentration

as determined by the fits to the experimental data. In the

case of an irreversible reaction (Scheme 1b), x has values in

the �1<x <0 range. The closer the value of this parameter

to zero, the more exponential the time course will appear,

this being the case at low or high ascorbate concentrations

relative to the initial ferricyanide concentration. As seen in

Fig. 2B, x decreases from zero at low ascorbate concen-

tration and thereafter increases after passing through �1, a

situation whereby the reagents approach the most stringent

bimolecular condition for the mechanism depicted in

Scheme 1b. As numerical simulations predict (not shown)

the x parameter achieves different values depending on the

specific mechanism. These results are shown in Table 2.

In the second experiment the ET reaction between

cytochrome c oxidase CuA and cytochrome c552 soluble

domains from P. denitrificans was studied. These two

engineered proteins are very good models for the initial ET

processes between cytochrome c oxidase and cytochrome c

without the ensuing complications due to the subsequent ET

events between the CuA site in subunit II and cytochrome a

in subunit I, the latter dominating the absorption spectrum.

Moreover, recent NMR chemical shift perturbation mapping

experiments [7] suggest that this ET couple does not form a

stable complex to any significant extent. The reaction was

studied both in forward direction (mimicking the physio-



ig. 3. Electron transfer reaction between the CuA and cytochrome c552
oluble domains from Paracoccus denitrificans. Oxidized or reduced 30

M CuA domain was mixed against varying concentrations of ferro- or

rricytochrome c552 (ca. 1 to 80 AM). Pre-reduction of either protein was

chieved by adding 0.5 mM ascorbate to the chosen protein solution as

escribed previously [2]. The time courses were fit to Eq. (5) and the

etermined rate constants are plotted as a function of ferrocytochrome c552
orward direction, triangles) or ferricytochrome c552 (reverse direction,

ircles). Solid lines represent the simultaneous of both data sets to Eq. (2)

ith parameters given in the text and also the results obtained by numerical

tegration of the mechanism.

F. Malatesta / Biophysical Chemistry 116 (2005) 251–256 255
F

s

A
fe

a

d

d

(f

c

w

in
logical situation) in which ferrocytochrome c552 donates an

electron to the oxidized CuA domain, and in the reverse

direction according to a protocol which uses ascorbate [2].

When the observed rate constants for these processes

(obtained from the fits of the time courses to Eq. (5)) are

plotted as a function of (ferro- or ferri-) cytochrome c552,

Fig. 3 is obtained, the solid lines resulting from the

simultaneous fit of the complete data set to Eq. (2).

The determined values of the forward and reverse rate

constants (k1 and k2 in Scheme 1a) are 3.8 105T2I104 and

4.6I106T105 M�1 s�1 and in very good agreement with a

preceding study (8.3I105 and 5.0I106 M�1 s�1 respectively,

see Maneg et al. [2]) at the same ionic strength and
Fig. 4. CO binding to ferrous myoglobin. The plot shows the CO

concentration dependence of the observed rate constants determined by

fitting the experimental time courses to equation [5]. The myoglobin

concentration was 100 (circles) or 1 AM (triangles) after mixing. Solid

lines represent the best fit to Eq. (2) (see Table 1) with parameters given in

the text.
temperature. The shapes of the curvilinear plots are deeply

different in the two directions with an upward (with

�1<x <0) and downward (with 0<x <1) concavity in

the reverse (Fig. 3, open circles) and forward (Fig. 3, open

triangles) reaction, respectively, features which are pre-

dicted by Eq. (2) (see also Tables 1 and 2). From a

qualitative point of view, a bimolecular reaction studied in

the direction to the right in Scheme 1a that yields an g-vs.-
reagent concentration plot with a downward concavity will

immediately indicate that k1<k2 and therefore thermody-

namic information. In the reverse reaction (Fig. 3, open

circles), a decrease in g is also observed at low ferricyto-

chrome c552 concentrations as in the ascorbate–ferricyanide

reaction (Fig. 2A).

In the third experiment ferrous horse heart myoglobin

was mixed with a solution containing varying concentra-

tions of CO (from ca. 6 to 500 AM, after mixing). In this

reaction myoglobin reversibly binds carbon monoxide to

yield the carbonylated adduct. CO binding was studied out

at two myoglobin concentrations, 1 and 100 AM (after

mixing) which determine PFO and non-PFO conditions and

exponential or multiexponential time courses, respectively.

In both cases the time courses were fit to Eq. (5) and the

observed rate constants are plotted in Fig. 4. The plots are

dramatically different depending on the initial myoglobin

concentration and under non-PFO conditions at low CO

concentrations g decreases as predicted by Eq. (2). The

determined rate constants are 3.9I105T104 M�1 s�1 and

0.2T0.7 s�1 in excellent agreement with literature values

[5].
4. Final comments

In this investigation I have demonstrated by theory and

experiment that the time evolution of bimolecular reactions

is accounted for by a quotient of exponential functions. A

general expression, independent of the experimental setup,

has been derived (Eqs. (1) and (5)) which accurately

describes the time course of second-order processes of

several types (see Scheme 1). The observed rate constant (g
in Eq. (2)) shows a complex dependence on the initial

reagent concentration being varied B0, yet instantaneously

indicates the ergonicity of the reaction, since exoergonic

reactions will appear with an upward concavity and a

negative x value in the g-vs.-B0 plot, whereas in

endoergonic reactions the opposite is true (with0<x <1).

Second-order reactions may of course be studied under PFO

conditions which yield simple exponential time courses and

linear PFO plots. However, in several experimental sit-

uations these conditions are difficult to achieve: (i) when the

half-time of the reaction is comparable to the dead-time of

the instrument (i.e. normally a stopped-flow apparatus); (ii)

when spectral overlap of reagents and/or products with high

extinction coefficients saturates the response of the photo-

multiplier tube; (iii) when the availability of materials is
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limiting, which is often the case of genetically engineered

proteins which are loosely expressed; and (iv) when the

second-order reaction takes place between reaction inter-

mediates, as may be the case of protein folding [8].

Furthermore the expectations of Eq. (1) indicate that in

self-exchange electron transfer reactions [9] (Scheme 1a

with k1=k2), the time course will appear monoexponential

at any reagent/product concentration.
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